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1. Introduction

Twisted group algebras were introduced by I. Schur in the period 1904 - 1907 [15-17]
to study projective representations of finite groups and have been extremely useful ever
since.

Maschke’s Theorem asserts that, when char(F) 1 |G|, the twisted group algebra is
semisimple [9] and actually this result holds in the more general context of crossed
products (see [11, Section 1.4]). In this case, every ideal is generated by an idempotent
element and F!G can be written as a (unique) direct sum of a finite number of two-
sided ideals {4;}1<i<r, called the simple components of F'G, which are simple algebras,
and also a direct sum (in more than one way) of minimal left ideals. We shall assume,
throughout the paper that we are always in this case; i.e. that char(F) 1 |G].

The number of simple components of a twisted group algebra, in the semisimple case,
was computed by W.R. Reynolds [13], [14]. Results on radicals of twisted group algebras
were given by D.S. Passman [10].

Explicit descriptions of idempotents in special cases were given by G. Karpilovsky [7,
Chapter 1], P. Grover and A.K. Bhandari [4], T.Zh. Mollov [8] and A.J. van Zanten [20)].

In particular, research in the area is presently quite active due to their connection to
coding theory (see, for example, [1], [2], [3], [6], [18], [19]).

In Section §2 we show how to compute the primitive idempotents of F‘A when A is
a finite Abelian group and, in Section §3 we characterize the simple components of this
algebra. We conclude with an example illustrating how to obtain all these elements in a
particular case.

2. Background
Twisted group algebras can be defined as follows.
Definition 2.1. Let G be a group and R a commutative ring whose set of invertible
elements we denote by U(R). A map ¢t : G x G — U(R) is called a twisting or a factor
set if, for g, h,/ € G we have that
t(g,h)-t(gh,€) = t(h,£) - t(g, hl).
If also
t(g,1) =t(l,9) =1 forall g € G,
the twisting is called normalized. We shall always assume that the twistings are normal-
ized.

Consider a set of symbols G = {g | g € G}. The twisted group algebra of G over R
with twisting ¢, denoted R!'G, is the set of finite sums
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R'G = {Zagg\ageR},

geqG

where addition is defined componentwise and multiplication is given by the following
rules

Ty =t(z,y)Ty for all z,y € G,
TA= AT forall x € G and A\ € R,

extended linearly.

An element g € G is called t-regular if t(g,h) = t(h,g) whenever h € Cg(g), the
centralizer of g in G. We shall denote by Gg the set of all regular elements of G, i.e.

Gy = {9€G|tlg,h) =t(h,g), Vhe Cs(g)}. (1)
In particular, we shall need the following result.

Theorem 2.2. [7, Theorem 8.2.8] Let A be a finite abelian group, F an arbitrary field and
let t be a twisting of A over F. Then the following conditions are equivalent:

(1) FtA is a central simple T -algebra.

(2) Ao ={1}.

There is a close connection between factor sets and 2-cocycles as used in cohomology
(see, for example [5, p. 83]). Several results in this area can be proved via cohomological
concepts and also using projective representation theory, but in the present paper we
use only ring-theoretical techniques via straightforward computations.

In the special case of group algebras, there is a standard method to construct idem-
potents of FG from subgroups of G. If H is a subgroup, then the element

H=Yn, (2)

heH

is an idempotent of FG and it is central if and only if H is normal in G.

As shown in [12, Proposition 3.6.7] we have that (FG)(1 — H) = A(G, H), the kernel
of the natural projection 7 : FG — F[G/H] and it is casy to see that (FG)H =~ F[G/H].

In the case of twisted group algebras this construction no longer gives idempotent
elements. The necessary correction will be the key step to our approach.

We shall need some well-known facts.

Let C = (g) be a cyclic group of order n and let A be an invertible element in R.

Then, the map ¢ : C x C — U(R) given by
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. 1 ifi+j<n,

is a twisting. The proof is straightforward (see [5, p. 80]).
The following result is usually proved using ideas from cohomology. For the sake of
completeness we offer a very simple proof.

Theorem 2.3. Let C = (g) be a cyclic group of order n and let R'C' be its twisted group
algebra over a commutative ring R. Set

n—1

A= Ht(g,ge). (4)

{=1

Then R'C = R™C where ty is as in equation (3).

Proof. Let C = {g' | 0 < i < n — 1} be the set of symbols used to define R*C'. Then
g ¢’ = t(g"',¢’)g"*7 and thus

k—1
7" =11 .99
=1
So
n—1
7" =[] 1991
/=1

Set ;z = HZ; t(g9,9")g" = g'. Then, the set {g;l | 0 <i<n-—1}is an R-basis of
RiC. o

If 0 < i+ j < n we readily get that ;Zg? =g+ g7.

If ¢ + 5 > n, writing ¢ + j = n 4+ r we have that » < n and

gigi =gt =g"g = Ag" = Ag" = AgiHi.
So the map ¢ — gNi, extended linearly, gives the desired isomorphism. 0O

Notice that the proof above shows that R'C' and R C are actually the same as
sets, with the same operations, though they are constructed from different bases. In
what follows, when dealing with twisted group algebras of cyclic groups, we shall always
assume that they are endowed with a twisting as in formula (3).

It is easily seen that R*C is commutative. Hence, in view of Theorem 2.3 we have
the following.

Corollary 2.4. The twisted group algebra of a cyclic group over a commutative ring is
commutative.
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3. Twisted group algebras of Abelian groups

Given a finite Abelian group A, written as a direct product A = Cp,, X -+ x Cpy,
where Cy,,, = (g;) is cyclic of order m;, and invertible elements \; € R, 1 <14 < s, set

1, forj+k < my,
)\i(gszgi):
Ai, for j+k >my,

which is a twisting of C,,, = (g;) over R.
We denote by tp the twisting of A defined as follows. Given a = gil gl b=
91" -+ gl € A we set:

tA(av b) = t/\(gil t ggs’gil o 'gés H t)\k gk 7gk ) (5)

where A = (Aq,...,Aq).

Proposition 3.1. Let t be a twisting of A over F such that R'A is commutative. Then,
there exists a twisting tn as defined in (5) such that R*A = Rt A.
Conversely, a twisted group algebra of the form R A is commutative.

Proof. For a fixed integer k, 1 < k < s, and for all positive integer j, we have
ykj = Ckj gia

j—1
where cx; = [T/—; t(gx, 95).
If ¢ and j are arbitrary positive integers, then

Criiangi? =G = Gigl = (crigl) (crigl)-

We compute

9" Go7 = c1icaj 9% g) = cricajt(gl. g3) gigl.

If we set c(i,j) = c1ic25 t(gﬂg%), then g,° g,/ = c(i,j)gig%. Given a set of integers
i1,...,1s, we have inductively that
glil .. .gsis = ¢y, gil .. .9237
where ¢, = c1, and ¢g, = o, 1, Hg1 - 9.7 1)
For g =g}' --- g% € A, with 0 <, < my, for 1 <k < s, we denote ¢(g) = ¢y, .
If we set g = c(g)g, for all g € A, then A = {g|g € A} is another copy of A in R'A.
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Let Ay = ckm,,, 1 < k < s. For a fixed k and for any ¢ > my,, we have cxr = Mg, cir,

where r is the remainder of dividing ¢ by my. So, if i,5 = 1,...,my, we get cyiqj) =
th, (g,i,gi)ck,., where r, 0 < r < my, is an integer.

For arbitrary integers ¢,j = 1,...,my, if r is the remainder of dividing 7 + j by my,
we have

~ — 7
95, 97, = Cki Ckj G190 = Ch(iti) In
= ta (90 ) ke 9 = tr, (gh 1) 91

For g = glil --glsand h = g{l ---gJs in A, the product of g and h is

S

Gh= (gzl'l ...ggs> (g{a ...ggs)

=ty (g1, 1) g Tt (g8, 91%) g9 T = ta(g, h)gh.

So R'*A = R A, as claimed.
The converse follows from a straightforward computation. O

We first introduce subgroup idempotents in the special case of cyclic subgroups.

Proposition 3.2. Let C = (g) be a cyclic group of order n and t = ty, with \ in a field
F, a twisting of C over F. Given a root a of X™ — X in a field K containing F, we set

n—1
E a g,
Jj=0

Co =

S|

Then, éa is an idempotent of the twisted group algebra K*\C.
Moreover, if 8 # « is another root of X™ — A, then Co,Cs = 0.

Proof. Since o't/ = Ao and §**7 = \§", whenever i+ j =n+7r and 0 < r < m, we
obtain

a1 —j= it
g'Cq = n Za g
=0

; n—1

o s PN
=Y a"g =alCy,

J=0

implying that a~’g iéa = éa. Then,
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If B # « is another root of X™ — A\, we compute

R 1 n—1
Caly=—> a7'g'Cy

1=0

1 n—1 1 n—1
- —igicy . | = —1pvi | &
n;)a B'Cy n;(a B | Cs.

J

Since =13 # 1 is a root of X™ — 1, it is also a root of X" 1 + X" 2 +... 4+ X +1 and
thus Z;L:_()l (a=1B)" = 0. Hence CoCs=0. O

Let K be a splitting field of the polynomial X™ — X over F. In the case when G is an
Abelian group, formulas giving the primitive idempotents of the group algebra KG in
terms of irreducible characters are well-known (see [12, p. 185]). Grover and Bhadari [4]
extended this result to twisted group algebras using projective characters and assuming
that the twisting is as in formula (5). We shall show how these idempotents can be
obtained, even without this assumption, in terms of subgroup idempotents. As before,
we study first the case when G is cyclic.

Lemma 3.3. Let F be a finite field and K the splitting field of X™ — X over F. Let K'C
be the twisted group algebra of a cyclic group C = (g), of order n, and K a splitting field
of the polynomial X™ — X over F such that char(K) t |G| where X is as given in formula
(4). Let {o; }1<i<n be the set of all roots of the polynomial X™ — X in K. Then

{Cay 1 <i <}, (6)
is the set of all primitive idempotents of FC.

Proof. Our previous result shows that {6’a} is a set of orthogonal idempotents. Since
they are n in number, which is precisely the dimension of K!C over K, it follows that it
is the complete set of primitive idempotents of this algebra. O

This result extends in a natural way to finite Abelian groups.

Theorem 3.4. Let A be a finite Abelian group written as a direct product A = C,,, X
- X Cp,, where Cpy, = (g;) @s cyclic of order m;, and F a finite field. Assume that
the twisted group algebra F's A is endowed with a twisting tx as defined in (5), with
NeTF, 1<i<s.
Let K be the splitting field of the polynomial f = ]—H:l(Xmi —Xi); let Ry = {511 <
J < m;} be the set of all roots of the polynomial X™ — X;, in K, 1 <14 < m;, and set

R =T1;_, Ri. For each subset of roots a = (a1j,,...,s5.) € R, we set:
€a = (Cwn)al]-l ~(Cm,)

Qsjs "
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Then
{ea | @« € R},
is the set of primitive idempotents of KA A.
Proof. As see/nE the previous Lemma, for each fixed index i, the set of all elements

of the form (sz')aij,
commutative by Proposition 3.1, it follows that the full set of elements given in our

is a set of orthogonal idempotents, and as the algebra K! A is

statement is also a set of orthogonal idempotents. Since their number is equal to the
dimension of K? A over K, the result follows. O

The case of a finite Abelian group can be reduced to the previous one due to a simple
remark.

Lemma 3.5. Let A be a finite Abelian group, R a commutative ring, R A the corresponding
twisted group algebra and Ay = {a € A | t(a,h) = t(h,a), Vh € A} the set of regular
elements of A. Let ty be the twisting of Ay obtained by restriction of t. Then, the center
of FtA is the twisted group algebra

Z(F'A) = FA,.

Proof. It is easy to see that F'° Ay C Z(F'A). Conversely, if y =3, zq,a € Z(F'A)
and z, # 0 for some b € A, then ¢(b,a) = t(a,b) for all @ € A, which implies that
Z(FtA) CF' A, as required. O

Since the central primitive idempotents of a semisimple algebra are also the primitive
idempotents of its center, to find the primitive idempotents of a twisted group algebra of
the form KA, using the lemma above, all we need is to determine Ay, its set of regular
elements and then use Theorem 3.4.

Finally, we see how to obtain the idempotents of the original twisted group algebra
F t A via the process known as Galois descent.

With the notations above, let G = Gal(K,F) be the Galois group of K over F. For
o€ Gand a=(ay,,...,as4,) €R, we set

o-a=(af;,,...,a ).

Thus, G acts on R.
We also define an action of G on K*4 A setting:

U<Zbaa> =S @ oeg.
acA acA

If 0 € G, then
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o(ea) =7+ (@odu, -+ @)

—_—

= U(Cm1)a1i1 o 'U(Cms>asi

=€s.a-

Hence, for « € R and o € G, we get 0(eq) = €4.4- Since €., is also a primitive central
idempotent, we have G acting on {e, |a € R}. We denote

So ={0-aloeg}.

Proposition 3.6. If « € R, then e, = Z/Besu eg is a primitive idempotent of F s A. In
addition, every primitive idempotent of F ' A is of form ey for some a € R.

Proof. Let ¢ be an automorphism in G. Since § +— o - 3 is a bijective map on S, it
follows that

0-€q=0" Z eg = Z o8 = €q.

BESa BESa

Thus, €, € FA. The set {eg|B € S,} is a set of orthogonal idempotents in K A,
which implies that e, is an idempotent. Assume that e, = e+ f with e and f orthogonal
idempotents in IF ¥ A. Since e, is also an idempotent in K? A, we have eqeq = €q
implying that e, = eeq + feq. As e, is a primitive idempotent in K A and ee,, feq
are orthogonal idempotents, we get ee, = 0 or fe, = 0. Suppose that fe, = 0. Then
0-eq =0 -ee, = €ey.o, which implies that e, = ee, and thus e = e,.

Assume that e is a primitive idempotent in IF *4 A. Since e is also an idempotent of
K A, it follows that ee, = e, for some a € R. Thus e,.o, = €€4.q, for all ¢ € G, which
implies that e, = een. As both e and e, are primitive idempotents in F ‘4 A, we conclude
that e =e,. O

Let
Stla)={o€G|o-a=a},

denote the stabilizer of v in G.

For an idempotent e, = > kq,a we can obtain the expression of the corresponding

a€A
€q in F*A computing:

e =ty 2 (D2 h2a)

1
15l S5 i
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|Stta Z (Z ka)

oceg

1
= Z ter‘ (k
[St(a)] &

4. The simple components over finite fields

If a group G contains a central subgroup N of regular elements, then its twisted group
algebra R'G over a commutative ring R can also be realized as a twisted group algebra
R'N7[G/N] of the factor group G/N over the ring R'N. We develop the necessary
computations since we shall need the explicit expression of the twisting ~.

Let T denote a transversal of IV in G. Given two elements x,y € T there exists z € T
and an element 7(z,y) € N such that

zy = 7(z,y)z. (™

Anelement 6 =3 ;749 € R'G can also be written in the form

0= Z Z ThohT = Z Z Thet(h, ) AT

z€T he N x€T he N
- Z ( Z rhmt(h,x)—lﬁ)z,
xzeT heEN

with (ZheN rhat(h, x)’lﬁ) € R'N. Since the set {T | € T} is clearly linearly inde-
pendent over R ', this shows that it is a basis over RIN.

We consider the set of symbols G/N = {xN =T | z € T} and construct the twisted
group algebra of G/N over R'N using this set as a basis. We wish to see how to multiply
elements of this basis so, for z,y € T, we compute using equation (7):

= t(z,y)i(7(x,y),2)" 7(z,y)Z

= t(x, y)t(r(z,y), 7(x,y) tzy) tr(z,y) Z

= t(x,Y)t(r(z,y), 7(x,y) tay) r(z,y) zN
= t(x, t(r(z,y), 7(x,y) tay) r(x,y) m

Hence, the twisting - : % X % — U(R'N) is given by

V(=N gN) = ta (). w(e,y) ay) @), (8)

Let A be a finite Abelian group, Ag the subgroup of its regular elements and let ¢
be a twisting of A over a finite field F such that char(F) t |A|. Let {e1,...,e.} be a
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complete set of primitive central idempotents of FtAy which is also a complete set of
central primitive idempotents of F*A. Then

F'A=al_F'Ae,.

Let T be a transversal of Ag in A and 7 : T'x T — Ag, be the map such that
zy = 7(x,y)z, for all z, y and z are in 7. The map v : A/Ay x A/Ag — U(F ' Ap) given
by

Y(x Ao, yAo) = t(z,y) t(r(z,y), 7(x,y) wy) ' 7(z,y) (9)

is a twisting of A/Ap over the commutative ring F * A such that F*A = (F *Ay)7(A/Ay).
If we set Ao = 7, for all 2 € T, then zAyyAg = y(z Ao, yAo) zyAo.

We claim that A/Ag does not contain 7y-regular elements. By way of contradiction,
assume that x € T and 0 # x4y € A/Ap is a regular element. Then, for all y € T, we
have y(z Ao, yAo) = v(yAo, ©Ag). Since A is Abelian, 7(z,y) = 7(y, z), for all y € T. By
formula (9), we get t(z,y) = t(y,x), implying that Ty = YT, for every y € T. Now, if
a € A, we have a = agy with ag € Ag and y € T. Since @g is central, it follows that

7a =7 (t(ao,y) ' @y) = (t(ao,y) ' @WYy) T =ax.

However @ = t(z,a)Za and ay = t(a,z)ax, and thus t(z,a) = t(a, z), for any a € A.
This implies that € Ag and thus Ay = 0, a contradiction.

The simple component F ! Age; of FtAq is a field, because F Ay = Z(F*A) is com-
mutative. Then:

FlAe; = (F'A0)7(A/Ag) e; = (F'Age;) 7 (A/Ap).
We are ready to prove the following.
Theorem 4.1.
FlAe; = My(F'Age;),
where d = m

Proof. Since F'Ae;, = (F'Ape;)7(A/Ap) and A/Aq does not contain y-regular elements,
by Theorem 2.2, we have FtAe; is a central simple F? A e;-algebra. By Wedderburn’s
Theorem

F tA €; = Md(]F tAo ei).

Then [FtAe; : F] = d?[FtAge; : F).
On the other hand, we have [FtAe; : F] = [(FtAge;)7(A/Ag) : F] =[A: Ao][FtApe; :

F] and hence d = /[A: Ag]. O
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Assume that Ag = Cp,, X -+ X Gy, where Cy,, = (g;) is cyclic of order m;. Since
FtAy is commutative, there exist invertible elements )\; € F, 1 < i < s, such that
FtAy = F'2 Ay, where A = (\1,...,\s). Let K, R and e,,, for some a; € R, be as
constructed in Theorem 3.4.

Theorem 4.2. F'Age,, X F () and [F'Agén, : F] =|Sa].

Proof. Let O(eq,;) = {o(eqn;) |0 € G} be the orbit of e,, under the action of G. Since
K is a splitting field for the semisimple algebra K*Ay and o(e,,) is a central primitive

idempotent of K¢Ag, for all o € G, we have
KtAO é—; = @eGO(eai)KtAo e= @eeo(eai)K.

Hence, [K!Ag éq, : K] = |O(eq,)|- Since KtAgen, 2 K @ FAge,,, we get

Fidoéy, : F] = [K' Aoz, : K] = [{o - ea, |0 € G}.
By the Orbit-Stabilizer Theorem we have
K : F] K : F] K : F]
|O(ea1 = = = = [F(«;) : F].
N = Ttear)] = I8ta0] ~ RiFa] )
Since G is cyclic and [F ‘Ape,, : F] = [F(q;) : F], it follows from Galois Correspondence

Theorem that FAge,, 2 F(o;). O

Remark. It should be noted that the results in this section hold also in the case of infinite
fields, when the extension K /F is cyclic.

5. An example

Let F = F5 be the finite field with 5 elements and set A = (z) X (y) x (z) where z
and y are of order 2 and z is of order 3.
We define t : A x A — U(F5) as follows:

t(.’lﬁilyjlzkl,xi2yj2zk2) — (_l)jliz t/\(zlﬁ’zkz)’

where ¢ is as in equation (4) and we take A = —1.

Since o(z) = o(y) = 2 and the multiplicative order of —1 in U (F5) is also equal to 2,
it is straightforward to verify that the map ¢ is a twisting of A over F.

Notice that an element a = z%1y/1 2" is in Ag if and only if t(a, b) = (b, a) for all b =
xi2yi2zk2 € A, Using the formula for t we get (—1)71%2¢y (251, 2k2) = (—1)%201¢, (2F2 ) 2Fr)
hence (—1)71%2 = (—1)72%1 g0 we must have i; = j; = 0. Thus Ag = (2).
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Let K be a splitting field for X3 +1 = (X +1)(X? +4X + 1) over F. If « is one of
the roots of (X2 +4X + 1) the other is 8 = 1 — a and, according to Proposition 3.2 the
idempotents of K!Ag, which are also the idempotents of K*A, are:

e_1=2(1—-7+22),
ea =21+ (14 a)z - az?),
e1—a=2T+az+ (1 - )2?)

Computing the stabilizers we get St(—1) = G, St(a) = {id} = St(1 + ). Then, the
central primitive idempotents of FtA:

5:122@—2—1—,2_2),
and

2 _ _
— . 2
€q = —|St(a)| (TT‘K/]FB(I)l + TTK/F5(1 + a)z TTK/]F5 (Oé)Z )

=2 (2T+(1—a+a)§—(a+lfa)z_2)
=-1+2z+ 322
Finally, the simple components of the center are
Fl ' (z)e1 2 Fs and F. '(2)e, = Fos.
Since [A : Ag] = 4, the simple components of F/ A are:
FlAeT] & My(F5) and TFfAe, = My(Fas).
Data availability

No data was used for the research described in the article.
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