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1. Introduction

Twisted group algebras were introduced by I. Schur in the period 1904 - 1907 [15–17]
to study projective representations of finite groups and have been extremely useful ever 
since.

Maschke’s Theorem asserts that, when char(F) � |G|, the twisted group algebra is 
semisimple [9] and actually this result holds in the more general context of crossed 
products (see [11, Section 1.4]). In this case, every ideal is generated by an idempotent 
element and F tG can be written as a (unique) direct sum of a finite number of two-
sided ideals {Ai}1≤i≤r, called the simple components of F tG, which are simple algebras, 
and also a direct sum (in more than one way) of minimal left ideals. We shall assume, 
throughout the paper that we are always in this case; i.e. that char(F) � |G|.

The number of simple components of a twisted group algebra, in the semisimple case, 
was computed by W.R. Reynolds [13], [14]. Results on radicals of twisted group algebras 
were given by D.S. Passman [10].

Explicit descriptions of idempotents in special cases were given by G. Karpilovsky [7, 
Chapter 1], P. Grover and A.K. Bhandari [4], T.Zh. Mollov [8] and A.J. van Zanten [20].

In particular, research in the area is presently quite active due to their connection to 
coding theory (see, for example, [1], [2], [3], [6], [18], [19]).

In Section §2 we show how to compute the primitive idempotents of F tA when A is 
a finite Abelian group and, in Section §3 we characterize the simple components of this 
algebra. We conclude with an example illustrating how to obtain all these elements in a 
particular case.

2. Background

Twisted group algebras can be defined as follows.

Definition 2.1. Let G be a group and R a commutative ring whose set of invertible 
elements we denote by U(R). A map t : G × G → U(R) is called a twisting or a factor 
set if, for g, h, � ∈ G we have that

t(g, h) · t(gh, �) = t(h, �) · t(g, h�).

If also

t(g, 1) = t(1, g) = 1 for all g ∈ G,

the twisting is called normalized. We shall always assume that the twistings are normal-
ized.

Consider a set of symbols G = {g | g ∈ G}. The twisted group algebra of G over R
with twisting t, denoted RtG, is the set of finite sums
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RtG =
{∑

g∈G

agg | ag ∈ R
}
,

where addition is defined componentwise and multiplication is given by the following 
rules

x · y = t(x, y)xy for all x, y ∈ G,

xλ = λx for all x ∈ G and λ ∈ R,

extended linearly.

An element g ∈ G is called t-regular if t(g, h) = t(h, g) whenever h ∈ CG(g), the 
centralizer of g in G. We shall denote by G0 the set of all regular elements of G, i.e.

G0 = {g ∈ G | t(g, h) = t(h, g), ∀h ∈ CG(g)}. (1)

In particular, we shall need the following result.

Theorem 2.2. [7, Theorem 8.2.8] Let A be a finite abelian group, F an arbitrary field and 
let t be a twisting of A over F . Then the following conditions are equivalent:

(1) F tA is a central simple F-algebra.
(2) A0 = {1}.

There is a close connection between factor sets and 2-cocycles as used in cohomology 
(see, for example [5, p. 83]). Several results in this area can be proved via cohomological 
concepts and also using projective representation theory, but in the present paper we 
use only ring-theoretical techniques via straightforward computations.

In the special case of group algebras, there is a standard method to construct idem-
potents of FG from subgroups of G. If H is a subgroup, then the element

Ĥ =
∑
h∈H

h, (2)

is an idempotent of FG and it is central if and only if H is normal in G.
As shown in [12, Proposition 3.6.7] we have that (FG)(1 − Ĥ) = Δ(G, H), the kernel 

of the natural projection π : FG → F [G/H] and it is easy to see that (FG)Ĥ ∼= F [G/H].
In the case of twisted group algebras this construction no longer gives idempotent 

elements. The necessary correction will be the key step to our approach.
We shall need some well-known facts.
Let C = 〈g〉 be a cyclic group of order n and let λ be an invertible element in R. 

Then, the map tλ : C × C → U(R) given by
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tλ(gi, gj) =
{

1 if i + j < n,
λ if i + j ≥ n,

(3)

is a twisting. The proof is straightforward (see [5, p. 80]).
The following result is usually proved using ideas from cohomology. For the sake of 

completeness we offer a very simple proof.

Theorem 2.3. Let C = 〈g〉 be a cyclic group of order n and let RtC be its twisted group 
algebra over a commutative ring R. Set

λ =
n−1∏
�=1

t(g, g�). (4)

Then RtC ∼= RtλC where tλ is as in equation (3).

Proof. Let C = {gi | 0 ≤ i ≤ n − 1} be the set of symbols used to define RtC. Then 
gi gj = t(gi, gj)gi+j and thus

gk =
k−1∏
�=1

t(g, g�)gk.

So

gn =
n−1∏
�=1

t(g, g�)1.

Set g̃i =
∏i−1

�=1 t(g, g�)gi = gi. Then, the set {g̃i | 0 ≤ i ≤ n − 1} is an R-basis of 
RtC.

If 0 ≤ i + j < n we readily get that g̃ig̃j = g̃i + gj .
If i + j ≥ n, writing i + j = n + r we have that r ≤ n and

g̃ig̃i = gi+j = gngr = λgr = λg̃r = λg̃i+j .

So the map gi 
→ g̃i, extended linearly, gives the desired isomorphism. �
Notice that the proof above shows that RtC and RtλC are actually the same as 

sets, with the same operations, though they are constructed from different bases. In 
what follows, when dealing with twisted group algebras of cyclic groups, we shall always 
assume that they are endowed with a twisting as in formula (3).

It is easily seen that RtλC is commutative. Hence, in view of Theorem 2.3 we have 
the following.

Corollary 2.4. The twisted group algebra of a cyclic group over a commutative ring is 
commutative.
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3. Twisted group algebras of Abelian groups

Given a finite Abelian group A, written as a direct product A = Cm1 × · · · × Cms
, 

where Cmi
= 〈gi〉 is cyclic of order mi, and invertible elements λi ∈ R, 1 ≤ i ≤ s, set

tλi
(gji , g

k
i ) =

{
1, for j + k < mi,
λi, for j + k ≥ mi,

which is a twisting of Cmi
= 〈gi〉 over R.

We denote by tΛ the twisting of A defined as follows. Given a = gi11 · · · giss , b =
gj11 · · · gjss ∈ A we set:

tΛ(a, b) = tΛ(gi11 · · · giss , gj11 · · · gjss ) =
s∏

k=1

tλk
(gikk , gjkk ), (5)

where Λ = (λ1, . . . , λs).

Proposition 3.1. Let t be a twisting of A over F such that R tA is commutative. Then, 
there exists a twisting tΛ as defined in (5) such that R tA = R tΛA.

Conversely, a twisted group algebra of the form R tΛA is commutative.

Proof. For a fixed integer k, 1 ≤ k ≤ s, and for all positive integer j, we have

gk
j = ckj g

j
k,

where ckj =
∏j−1

�=1 t(gk, g�k).
If i and j are arbitrary positive integers, then

ck(i+j)g
i+j
k = gi+j

k = gikg
j
k = (ckigik)(ckjg

j
k).

We compute

g1
i g2

j = c1i c2j gi1 gj2 = c1i c2j t(gi1, g
j
2) gi1g

j
2.

If we set c(i, j) = c1i c2j t(gi1, g
j
2), then g1

i g2
j = c(i, j)gi1g

j
2. Given a set of integers 

i1, . . . , is, we have inductively that

g1
i1 · · · gsis = c�s g

i1
1 · · · giss ,

where c�1 = c1i1 and c�s = c�s−1 c1is t(g
i1
1 · · · gis−1

s−1 , g
is
s ).

For g = gi11 · · · giss ∈ A, with 0 ≤ ik < mk for 1 ≤ k ≤ s, we denote c(g) = c�s .
If we set g̃ = c(g)g, for all g ∈ A, then Ã = {g̃ | g ∈ A} is another copy of A in RtA.
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Let λk = ckmk
, 1 ≤ k ≤ s. For a fixed k and for any � ≥ mk, we have ck� = λk ckr, 

where r is the remainder of dividing � by mk. So, if i, j = 1, . . . , mk, we get ck(i+j) =
tλk

(gik, g
j
k)ckr, where r, 0 ≤ r < mk, is an integer.

For arbitrary integers i, j = 1, . . . , mk, if r is the remainder of dividing i + j by mk, 
we have

g̃ik g̃
j
k = cki ckj gikg

j
k = ck(i+j) g

i+j
k

= tλk
(gik, g

j
k)ckr g

i+j
k = tλk

(gik, g
j
k) g̃

i+j
k .

For g = gi11 · · · giss and h = gj11 · · · gjss in A, the product of g̃ and h̃ is

g̃ h̃ =
(
g̃i11 · · · g̃iss

) (
g̃j11 · · · g̃jss

)
= tλ1(g

i1
1 , gj11 )g̃i1+j1

1 · · · tλs
(giss , gjs1 )g̃is+js

s = tΛ(g, h)g̃h.

So R tA = R tΛA, as claimed.
The converse follows from a straightforward computation. �
We first introduce subgroup idempotents in the special case of cyclic subgroups.

Proposition 3.2. Let C = 〈g〉 be a cyclic group of order n and t = tλ, with λ in a field 
F , a twisting of C over F . Given a root α of Xn − λ in a field K containing F , we set

Ĉα = 1
n

n−1∑
j=0

α−j ḡj .

Then, Ĉα is an idempotent of the twisted group algebra KtλC.
Moreover, if β �= α is another root of Xn − λ, then ĈαĈβ = 0.

Proof. Since αi+j = λαr and ḡi+j = λḡr, whenever i + j = n + r and 0 ≤ r < m, we 
obtain

ḡiĈα = 1
n

n−1∑
j=0

α−j ḡ i+j

= αi

n

n−1∑
j=0

α−i−j ḡ i+j = αiĈα,

implying that α−iḡ iĈα = Ĉα. Then,

Ĉ2
α = 1

n

n−1∑
α−j ḡ jĈα = 1

n

n−1∑
α−jαjĈα = Ĉα.
j=0 j=0
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If β �= α is another root of Xn − λ, we compute

ĈαĈβ = 1
n

n−1∑
i=0

α−iḡ iĈβ

= 1
n

n−1∑
j=0

α−iβiĈβ =

⎛⎝ 1
n

n−1∑
j=0

(α−1β)i
⎞⎠ Ĉβ .

Since α−1β �= 1 is a root of Xn − 1, it is also a root of Xn−1 +Xn−2 + · · ·+ X + 1 and 
thus 

∑n−1
j=0 (α−1β)i = 0. Hence ĈαĈβ = 0. �

Let K be a splitting field of the polynomial Xn − λ over F . In the case when G is an 
Abelian group, formulas giving the primitive idempotents of the group algebra KG in 
terms of irreducible characters are well-known (see [12, p. 185]). Grover and Bhadari [4]
extended this result to twisted group algebras using projective characters and assuming 
that the twisting is as in formula (5). We shall show how these idempotents can be 
obtained, even without this assumption, in terms of subgroup idempotents. As before, 
we study first the case when G is cyclic.

Lemma 3.3. Let F be a finite field and K the splitting field of Xn − λ over F . Let KtC

be the twisted group algebra of a cyclic group C = 〈g〉, of order n, and K a splitting field 
of the polynomial Xn − λ over F such that char(K) � |G| where λ is as given in formula 
(4). Let {αi}1≤i≤n be the set of all roots of the polynomial Xn − λ in K. Then

{Ĉαi
| 1 ≤ i ≤ n}, (6)

is the set of all primitive idempotents of F tC.

Proof. Our previous result shows that {Ĉαi
} is a set of orthogonal idempotents. Since 

they are n in number, which is precisely the dimension of KtC over K, it follows that it 
is the complete set of primitive idempotents of this algebra. �

This result extends in a natural way to finite Abelian groups.

Theorem 3.4. Let A be a finite Abelian group written as a direct product A = Cm1 ×
· · · × Cms

, where Cmi
= 〈gi〉 is cyclic of order mi, and F a finite field. Assume that 

the twisted group algebra F tΛA is endowed with a twisting tΛ as defined in (5), with 
λi ∈ F , 1 ≤ i ≤ s.

Let K be the splitting field of the polynomial f =
∏t

i=1(Xmi − λi); let Ri = {αij | 1 ≤
j ≤ mi} be the set of all roots of the polynomial Xmi − λi, in K, 1 ≤ i ≤ mi, and set 
R =

∏s
i=1 Ri. For each subset of roots α = (α1j1 , . . . , αsjs) ∈ R, we set:

eα = (̂Cm1)α · · · (̂Cms
)α .
1j1 sjs
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Then

{eα | α ∈ R},

is the set of primitive idempotents of KtΛA.

Proof. As seen in the previous Lemma, for each fixed index i, the set of all elements 
of the form (̂Cmi

)αiji
is a set of orthogonal idempotents, and as the algebra KtΛA is 

commutative by Proposition 3.1, it follows that the full set of elements given in our 
statement is also a set of orthogonal idempotents. Since their number is equal to the 
dimension of KtΛA over K, the result follows. �

The case of a finite Abelian group can be reduced to the previous one due to a simple 
remark.

Lemma 3.5. Let A be a finite Abelian group, R a commutative ring, RtA the corresponding 
twisted group algebra and A0 = {a ∈ A | t(a, h) = t(h, a), ∀h ∈ A} the set of regular 
elements of A. Let t0 be the twisting of A0 obtained by restriction of t. Then, the center 
of F tA is the twisted group algebra

Z(F tA) = F t0A0.

Proof. It is easy to see that F t0A0 ⊆ Z(F tA). Conversely, if γ =
∑

a∈A xaa ∈ Z(F tA)
and xb �= 0 for some b ∈ A, then t(b, a) = t(a, b) for all a ∈ A, which implies that 
Z(F tA) ⊆ F t0A0, as required. �

Since the central primitive idempotents of a semisimple algebra are also the primitive 
idempotents of its center, to find the primitive idempotents of a twisted group algebra of 
the form KtA, using the lemma above, all we need is to determine A0, its set of regular 
elements and then use Theorem 3.4.

Finally, we see how to obtain the idempotents of the original twisted group algebra 
F tA via the process known as Galois descent.

With the notations above, let G = Gal(K, F) be the Galois group of K over F . For 
σ ∈ G and α = (α1i1 , . . . , αsis) ∈ R, we set

σ · α = (ασ
1i1 , . . . , α

σ
sis).

Thus, G acts on R.
We also define an action of G on K tΛA setting:

σ
(∑

a∈A

baa
)

=
∑
a∈A

bσaa σ ∈ G.

If σ ∈ G, then
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σ(eα) = σ ·
(
(̂Cm1)α1i1

· · · (̂Cms
)αsis

)
= σ(̂Cm1)α1i1

· · ·σ(̂Cms
)αsis

= (̂Cm1)ασ
1i1

· · · (̂Cms
)ασ

sis

= eσ·α.

Hence, for α ∈ R and σ ∈ G, we get σ(eα) = eσ·α. Since eσ·α is also a primitive central 
idempotent, we have G acting on {eα | α ∈ R}. We denote

Sα = {σ · α |σ ∈ G}.

Proposition 3.6. If α ∈ R, then ẽα =
∑

β∈Sα
eβ is a primitive idempotent of F tΛA. In 

addition, every primitive idempotent of F tΛA is of form ẽα for some α ∈ R.

Proof. Let σ be an automorphism in G. Since β 
→ σ · β is a bijective map on Sα, it 
follows that

σ · ẽα = σ ·
∑
β∈Sα

eβ =
∑
β∈Sα

eσ·β = ẽα.

Thus, ẽα ∈ F tΛA. The set {eβ | β ∈ Sα} is a set of orthogonal idempotents in K tΛA, 
which implies that ẽα is an idempotent. Assume that ẽα = e +f with e and f orthogonal 
idempotents in F tΛA. Since ẽα is also an idempotent in K tΛA, we have ẽαeα = eα
implying that eα = eeα + feα. As eα is a primitive idempotent in K tΛA and eeα, feα
are orthogonal idempotents, we get eeα = 0 or feα = 0. Suppose that feα = 0. Then 
σ · eα = σ · eeα = eeσ·α, which implies that ẽα = eẽα and thus e = ẽα.

Assume that e is a primitive idempotent in F tΛA. Since e is also an idempotent of 
K tΛA, it follows that eeα = eα for some α ∈ R. Thus eσ·α = eeσ·α, for all σ ∈ G, which 
implies that ẽα = eẽα. As both e and ẽα are primitive idempotents in F tΛA, we conclude 
that e = ẽα. �

Let

St(α) = {σ ∈ G | σ · α = α},

denote the stabilizer of α in G.
For an idempotent eα =

∑
a∈A kaa we can obtain the expression of the corresponding 

ẽα in F tA computing:

ẽα = 1
|St(α)|

∑(∑
kσaa

)

σ∈G a∈A
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= 1
|St(α)|

∑
a∈A

(∑
σ∈G

kσa

)
a

= 1
|St(α)|

∑
a∈A

trK|F (ka)a.

4. The simple components over finite fields

If a group G contains a central subgroup N of regular elements, then its twisted group 
algebra RtG over a commutative ring R can also be realized as a twisted group algebra 
RtNγ [G/N ] of the factor group G/N over the ring RtN . We develop the necessary 
computations since we shall need the explicit expression of the twisting γ.

Let T denote a transversal of N in G. Given two elements x, y ∈ T there exists z ∈ T

and an element τ(x, y) ∈ N such that

xy = τ(x, y)z. (7)

An element θ =
∑

g∈G rgg ∈ RtG can also be written in the form

θ =
∑
x∈T

∑
h∈N

rhxhx =
∑
x∈T

∑
h∈N

rhxt(h, x)−1hx

=
∑
x∈T

( ∑
h∈N

rhxt(h, x)−1h
)
x,

with 
(∑

h∈N rhxt(h, x)−1h
)
∈ RtN . Since the set {x | x ∈ T} is clearly linearly inde-

pendent over R tN , this shows that it is a basis over RtN .
We consider the set of symbols G̃/N = {x̃N = x | x ∈ T} and construct the twisted 

group algebra of G/N over RtN using this set as a basis. We wish to see how to multiply 
elements of this basis so, for x, y ∈ T , we compute using equation (7):

x̃NỹN = x y = t(x, y)xy = t(x, y)τ(x, y)z

= t(x, y)t(τ(x, y), z)−1τ(x, y)z

= t(x, y)t(τ(x, y), τ(x, y)−1xy)−1τ(x, y) z

= t(x, y)t(τ(x, y), τ(x, y)−1xy)−1τ(x, y) z̃N

= t(x, y)t(τ(x, y), τ(x, y)−1xy)−1τ(x, y) x̃yN.

Hence, the twisting γ : G
N × G

N → U(RtN) is given by

γ
(
x̃N, ỹN

)
= t(x, y)t(τ(x, y), τ(x, y)−1xy)−1τ(x, y). (8)

Let A be a finite Abelian group, A0 the subgroup of its regular elements and let t
be a twisting of A over a finite field F such that char(F) � |A|. Let {e1, . . . , er} be a 
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complete set of primitive central idempotents of F tA0 which is also a complete set of 
central primitive idempotents of F tA. Then

F tA = ⊕r
i=1F

tAei.

Let T be a transversal of A0 in A and τ : T × T → A0, be the map such that 
xy = τ(x, y)z, for all x, y and z are in T . The map γ : A/A0 × A/A0 → U(F tA0) given 
by

γ(xA0, yA0) = t(x, y) t(τ(x, y), τ(x, y)−1xy)−1 τ(x, y) (9)

is a twisting of A/A0 over the commutative ring F tA0 such that F tA = (F tA0) γ(A/A0). 
If we set x̃A0 = x, for all x ∈ T , then x̃A0 ỹA0 = γ(xA0, yA0) x̃yA0.

We claim that A/A0 does not contain γ-regular elements. By way of contradiction, 
assume that x ∈ T and 0 �= xA0 ∈ A/A0 is a regular element. Then, for all y ∈ T , we 
have γ(xA0, yA0) = γ(yA0, xA0). Since A is Abelian, τ(x, y) = τ(y, x), for all y ∈ T . By 
formula (9), we get t(x, y) = t(y, x), implying that x y = y x, for every y ∈ T . Now, if 
a ∈ A, we have a = a0y with a0 ∈ A0 and y ∈ T . Since a0 is central, it follows that

x a = x
(
t(a0, y)−1 a0 y

)
=

(
t(a0, y)−1 a0 y

)
x = a x.

However xa = t(x, a)xa and a y = t(a, x)ax, and thus t(x, a) = t(a, x), for any a ∈ A. 
This implies that x ∈ A0 and thus xA0 = 0, a contradiction.

The simple component F tA0ei of F tA0 is a field, because F tA0 = Z(F tA) is com-
mutative. Then:

F tAei = (F tA0) γ(A/A0) ei = (F tA0 ei) γ(A/A0).

We are ready to prove the following.

Theorem 4.1.

F tAei ∼= Md(F tA0 ei),

where d =
√

[A : A0].

Proof. Since F tA ei = (F tA0 ei) γ(A/A0) and A/A0 does not contain γ-regular elements, 
by Theorem 2.2, we have F tA ei is a central simple F tA0 ei-algebra. By Wedderburn’s 
Theorem

F tAei ∼= Md(F tA0 ei).

Then [F tA ei : F ] = d2[F tA0 ei : F ].
On the other hand, we have [F tA ei : F ] = [(F tA0 ei) γ(A/A0) : F ] = [A : A0][F tA0 ei :

F ] and hence d =
√

[A : A0]. �
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Assume that A0 = Cm1 × · · · × Cms
, where Cmi

= 〈gi〉 is cyclic of order mi. Since 
F tA0 is commutative, there exist invertible elements λi ∈ F , 1 ≤ i ≤ s, such that 
F tA0 = F tΛA0, where Λ = (λ1, . . . , λs). Let K, R and ẽαi

, for some αi ∈ R, be as 
constructed in Theorem 3.4.

Theorem 4.2. F tA0 ẽαi
∼= F(αi) and [F tA0 ẽαi

: F ] = |Sα|.

Proof. Let O(eαi
) = {σ(eαi

) | σ ∈ G} be the orbit of eαi
under the action of G. Since 

K is a splitting field for the semisimple algebra K tA0 and σ(eαi
) is a central primitive 

idempotent of K tA0, for all σ ∈ G, we have

K tA0 ẽαi
= ⊕e∈O(eαi

)K
tA0 e ∼= ⊕e∈O(eαi

)K.

Hence, [K tA0 ẽαi
: K] = |O(eαi

)|. Since K tA0 ẽαi
∼= K ⊗F F tA0 ẽαi

, we get

[F tA0 ẽαi
: F ] = [K tA0 ẽαi

: K] = |{σ · eαi
|σ ∈ G}|.

By the Orbit-Stabilizer Theorem we have

|O(eαi
)| = [K : F ]

|St(eαi
)| = [K : F ]

|St(αi)|
= [K : F ]

[K : F(αi)]
= [F(αi) : F ].

Since G is cyclic and [F tA0ẽαi
: F ] = [F(αi) : F ], it follows from Galois Correspondence 

Theorem that F tA0ẽαi
∼= F(αi). �

Remark. It should be noted that the results in this section hold also in the case of infinite 
fields, when the extension K / F is cyclic.

5. An example

Let F = F5 be the finite field with 5 elements and set A = 〈x〉 × 〈y〉 × 〈z〉 where x
and y are of order 2 and z is of order 3.

We define t : A ×A → U(F5) as follows:

t(xi1yj1zk1 , xi2yj2zk2) = (−1)j1i2 tλ(zk1 , zk2),

where tλ is as in equation (4) and we take λ = −1.
Since o(x) = o(y) = 2 and the multiplicative order of −1 in U(F5) is also equal to 2, 

it is straightforward to verify that the map t is a twisting of A over F .
Notice that an element a = xi1yj1zk1 is in A0 if and only if t(a, b) = t(b, a) for all b =

xi2yj2zk2 ∈ A. Using the formula for t we get (−1)j1i2tλ(zk1 , zk2) = (−1)j2i1tλ(zk2 , zk1)
hence (−1)j1i2 = (−1)j2i1 , so we must have i1 = j1 = 0. Thus A0 = 〈z〉.
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Let K be a splitting field for X3 + 1 = (X + 1)(X2 + 4X + 1) over F . If α is one of 
the roots of (X2 + 4X + 1) the other is β = 1 − α and, according to Proposition 3.2 the 
idempotents of KtA0, which are also the idempotents of KtA, are:

e−1 = 2 (1 − z + z2),

eα = 2 (1 + (1 + α)z − αz2),

e1−α = 2 (1 + αz + (1 − α)z2).

Computing the stabilizers we get St(−1) = G, St(α) = {id} = St(1 + α). Then, the 
central primitive idempotents of F tA:

ẽ−1 = 2 (1 − z + z2),

and

ẽα = 2
|St(α)|

(
TrK/F5(1)1 + TrK/F5(1 + α)z − TrK/F5(α)z2

)
= 2

(
21 + (1 − α + α)z − (α + 1 − α)z2

)
= −1 + 2z + 3z2.

Finally, the simple components of the center are

F t−1
5 〈z〉ẽ−1 ∼= F5 and F t−1

5 〈z〉ẽα ∼= F25.

Since [A : A0] = 4, the simple components of F t
5A are:

F t
5Aẽ−1 ∼= M2(F5) and F t

5Aẽα ∼= M2(F25).

Data availability

No data was used for the research described in the article.
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